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Nonlinearity of Superconducting
Transmission Line and Microstrip Resonsator

Orest G. Vendik Member, IEEE Irina B. Vendik, Member, IEEE,and Tatyana B. Samoilova

Abstract—The simplest model of nonlinear response of a Itis a well-known fact that under the influence of alternating
superconducting thin film is used for modeling the nonlinear phe- current the loss in a superconducting transmission line is

nomena in a superconducting transmission line and a Microstrip jcreased [6]-[11]. One may use the expansion in a power
resonator. The specified characteristic power of the transmission .

line is suggested to use as a fitting parameter for numerical series
description of the microstrip line nonlinearity at microwaves. N

Quantitative agreement of simulated and experimental data has Ri(t) = Z an [I(t)]Qn (1)
been obtained for the incident power dependent transmission
coefficient of a microstrip line section and a high quality mi-
crostrip resonator. Numerical results have also been obtained for where NV is a total number of terms of the series expan-

the power of the third harmonic radiated from the nonlinear sjon which are necessary for an adequate description of the
resonator. phenomenon. In expansion (1) only even powers are used
Index Terms—High-temperature superconductors, nonlinear- because the response of a superconductor to the current does
ities, superconducting resonator, superconducting transmission not depend on direction of the current. We shall consider the
line. case when the surface resistance of the superconducting film
can follow the instantaneous values of the alternating current.
|. INTRODUCTION It is correct if the relaxation time of the superconducting

ITHIN the last few years interest in the nonlinearityState in the film is less than the period of the microwave

of superconducting films has been renewed. This (Psscnlatlons. The relaxation time of HTS’s at liquid nitrogen

basically associated with microwave applications of hig lemperature is less than 18 s [12]; hence, up to frequency

T. superconductors (HTS'’s) at microwaves. In the 1970’s 5}1?0 GHZ. our estimations will be correct. Thg nonlinearity
. . .__characterized by the increased resistance which follows the
nonlinear response of a superconductor to microwave radkrjm|(r)1r§tantaneous values of the current can be called the fast
was studied in connection with a design of high qualit inertialess) resistive nonlinearity. The inertialessness of the
resonance systems [1], [2]. The interest in applications of r=_ linearity shows up in the er{ération of higher harmonics
crowave components and devices based on HTS films initiate?f] eanty sh P 9 : 9 .
. S ; . of a signal. It is undoubtedly useful to discuss how different
a new wave of investigations of physical phenomena in the

. . . .-mechanisms of nonlinearity mentioned above are exhibited
superconducting films. In many cases, nonlinear effects Im?r'1 the numerical values of the coefficients of the series (1)
high-power handling of the HTS films in linear microwave ’

devices and therefore are desired to be suppressed. Howe'\A/‘ rt,he same 't|me,. the phgnomenologmal description of the
erconducting film nonlinearity can be used as well. It

. . S
he nonlinear phenomen n nsider ful eff . .
the nonlinear phenomena can be considered as useful e (\e/w be shown that the phenomenological description of the

in the design of microwave signal limiters [3] or frequenc%u erconducting film nonlinearity provides numerical results
mixers [4]. The contribution of the following superconductor b 9 yp

nonlinearity mechanisms should be mentioned: which are in good agreement with experimental data.

1) nonlinear impedance of weak links between granulars

or twin domains in a polycrystalline superconductor [5], Il. NONLINEAR DISSIPATION IN A
[6]; SUPERCONDUCTING TRANSMISSION LINE

n=0

2) current dependence of superconducting charge carrier ) .
density in accordance with Ginzburg—Landau equatiofis Model of Nonlinearity
[71; For a phenomenological description of the resistive non-
3) excitation and movement of Abrikosov vortices [8]. linearity of a superconducting transmission line, the two first
terms of the series (1) will be used. In this case, the resistance
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which describes the nonlinear properties of the line. There 15
is no direct connection betwedig and I~ which determines

the appearance aty. > 0. The parametef, should be found

experimentally through measurements of the propagation char- 10
acteristics of the line exposed to the microwave power. One

should not rule out a possibility to find,, theoretically by

consideration of the superconducting film response to a high ouTPUT 5
microwave current. In doing so the current distribution across POWER (dB)
the film should be taken into account.

zero loss line

B. Nonlinear Dissipation of a Traveling Wave
Inserting (2) into the telegrapher equations for the transmis-

; . : -5
sion line one obtains 0 5 10 15 20
Ol(x,t) _ o, U(x,1) INPUT POWER (dB)
Ju ot Fig. 1. Output P, function of input eP;,, forth li
2 ig. 1. Output poweF,.+ as a function of input poweP;,, for the nonlinear
8U($,t) =—<R |1+ M -I(a: t) +L;- M transmission line section with different transmission coefficient Py ¢
ox Ig ’ ot and P, are normalized to the characteristic pow®y « (dB): 1—(-0.1);

(3) 2—(05) 3—(1.0); 4—(20).

where L,,C; are the inductance and the capacitance per

unit length of the line, respectively. The equations can K" the line section of the lengih the relation between the

transformed as follows: input power P,, and output power>,,; takes the form:
0?1(z,t) I*(z,t)] 0l(x,t) exp(—2ad)
Dl St A, . . ? . ? Pou = Pi . ; 10
oz? Gl [1 +3 2 } ot ‘ 143, I;_O - [1 — exp(—2al) (10)
0?1(z,t) L o . -
+ L CL - ——=. (4) where iy = 5 - I - Zo is the characteristic power of the

2 . D .
. . . ot . _nonlinear transmission line.
Let us take into consideration the microwave current in the

following form: C. Comparison with Experiment

I(x,t) = In(x) cos(wt — fz). (3)  Fig. 1 shows the dependence of the output power on the
Substitution of (5) into (4) gives for the first harmonic of thdncident power normalized t6; for the nonlinear transmission
microwave signal: line section. A set of curves corresponds to different initial val-
0L, () ues of the section transmission coefficient= —8.68 log «l.
[# — B (z) + wQLllem(a:)} cos(wt — i) It is easy to see from Fig. 1 that an essential rate of limitation
Oz of the signal can be obtained, if the initial loss of the line
4 [2/33—%(%) b wCL R Ln(z) - <1 L3 Igl(Qx))} is high enough. If it is necessary to design a signal limiter
Jz 4 I with low-loss level with respect to the small signal, the effect
sin(wt — fz) = 0. (6) of the power limitation could be enhanced by using resonant

This is the first approximation of a nonlinear equation bas
on the method of harmonic balance. Equation (6) is follow:
by the equation for the current amplitude as a function

0]. Fig. 2 shows the comparison between the experimental
sults [12] and the data simulated using the expression (10).

circuits containing the nonlinear superconducting films [9],
[%g
he experiment was performed with a coplanar line section of

coordinate: ) 7 mm length made from polycrystalline YBCO film wifti =
Iwm(z) + aly(z) - <1 + 3. Im(w)) -0 (7) 80 K. The model parameters are given in the legend to Fig. 2.
Az 4 I3 The small signal surface resistance of the film was chosen in

the model to provide the simulated small signal attenuation
_ i ) Edentical to that in the experiment. The rather good agreement
and the wave impedance of the line. The expression for t§¢he simulated and experimental data provides support for
phase velocity €, = 3/w) can be derived from (6) and (7): the acceptability of the phenomenological description specified

wherea = 2R710 and Z, = ,/é—i are the attenuation constan

1 8(x) by (2).
32 = W’ L L im\E) 8
B =w'L1Cy + () D2 (8)
Doing the integration of (7) with the boundary condition IIl. NONLINEAR MICROSTRIP RESONATOR
I (2)||z=0 = In(0) one obtains the current amplitude dis- o
tribution along the line A. Linear Characteristics of the Resonator

) ) exp(—2az) Fig. 3 shows the diagram of the microstrip resonator con-
15.(x) = 1,(0) - 23 B0 o) (9) sidered. The length of the resonator microstrip line section
ti 7R 1 — exp(—2aa)] is 2I. The resonator is coupled with the external circuits by
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Imnax —_—
-20
.30 -20 -10 O 10 20 30 Fig. 3. Diagram of microstrip resonator and current amplitude distribution

along the resonator with respect to the first harmonic of the signal.
INPUT POWER (dB)

Fig. 2. Experimental and simulated transmission coefficient as a function Qf . . . . .
input microwave powe”,,/P,, for YBCO coplanar line section at different &Jrrem amp“tUde along the resonator microstrip section 1s

temperatures. Solid lines correspond to simulated data; dots correspondl@ermined as
experimental results from [12]. In the figur@/T.: 1: 0.05; 2: 0.7; 3: 0.9;

model parametef,: 1—100 mW; 2: 30 mW; 3: 6 mW. I (a:) -7 oS <2_7T$> (15)
capacitive gap$.The transmission coefficient of the resonatothe current amplitude at the ends of the resonator microstrip
at the resonant frequency is given by section can be found from the current distribution (15), being
O —2 written in the form:
Il = (1+2) (1) 2 N (2
Qu I (1) = I, cos [Tﬂ 1 <1 I YSH (16)
where )y is the unloaded quality factor 4 ¢
72, where the resonator shortening is taken into account. For
Qu = (12) 7z <« X. one has
Ry -2l
Qr is the external quality factor In(D) 2 Lo - Zs (17)
m - max Xc .
T Xf 13
Qe = 477 (13) The current determined by (17) is equal to the current ampli-
045

tude of the traveling wave in the line connected to the output
dX. is th ¢ f th i Th | t.ghd of the resonator. In the input line the current is determined
andA. 1s the reactance of the capacitive gaps. 1he rela '%rf/ the interference of incident and reflected waves. In order to

between the resonator length @nd the wave length in the specify the current amplitude for the wave which is incident

transmission _Ime for the flrst harmonic of oscillation is g|verL1Jpon the input port of the resonator, the following relation
by the following expression:

should be used:
A

Al Al 2 Z
z:—-<1+—>; — = (14) Fineia = In(l) - -t 18
4 l ! T X incid = (1) || S21 (wo)]| (18)

whereAl is shortening the resonator line section in accordanri.tlgluS combining (11), (17), and (18), one obtains the ratio

with the resonance condition in the case of the capaC|t|\(/)(? the maximum resonator standing wave amplitude to the

Z, is the wave impedance of the resonator microstrip lin

coupling. amplitude of the incident wave
B. Maximum Microwave Current Amplitude in the Resonator | Lo _ A %y onl1s Qr -1 19
In order to start an estimation of nonlinear effects in the | finciall T Zs E Qu '

resonator, the amplitude of the microwave current in the . . .

resonator should be found. We shall denote throfigh, the The maximum current amplltud@nax_as a function of the rz_;\te

maximum of the standing wave amplitude in the resonator%ft coupling the resonatq@_E/QU W'th. the_ external circuits

the resonant frequency. The higher the quality factor of t#@" the case oiZs = Zo is illustrated in Fig. 4.

resonator, the higher the current amplitude in the resonator.

That is why in the case of the high quality factor of thé€. The Nonlinearity of the Microstrip Resonator with

resonator, the nonlinear effects are revealed under a low lef&spect to the First Harmonic of the Signal

of the incident microwave power. The distribution of the In accordance with the suggested phenomenological de-
1Commonly the capacitive gap is presented by an equivataritcuit. we ~ SCTiption (2) of the resistance of the line as a function of the

use a simplified presentation by a series capacitance only. instantaneous value of the current, and taking into account
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RATE OF COUPLING Fig. 5. Effective unloaded microstrip resonator quality factor versus the

Fig. 4. Maximum current amplitude at the center of the microstrip resonat'nC|dent power simulated in accordance with (25). Dots are the experimental

as a function of the rate of coupling./Q. for different unloaded quality Bhta from (12].
factor 2,,: 1—5000; 2—10000; 3—15000; 4—25000. Maximum current
amplitude is normalized to the incident wave current amplitude. D Comparison with Experiment

(5) and (15), the resistance per unit length of the resonat rFIg' 5 shows the simulated effecnve unlpa(jed quality factor
/ . . . of the resonatof)y .g as a function of the incident power. In
microstrip section should be defined as :

Fig. 5 the experimental data [13] are shown as well. In order to
I 2rx fit the simulated data to the experimental ones, the following
1) = Ry - |1+ “28% . cog? ccosPwt|. (2 o ;
Bufa.t) = By { T e < ) o8 w} @) fitting parameters were used, — 5 mw, Qe = 26000.
The power of the microwave signal which is dissipated i?{he eql(JjaI va_lues ch) unloaded and ex(';ernal Q-fact%rs were
the resonator can be calculated upon integrating with resp8geuMe QUI_ %E n:e ca(tjn dsee aAgoo .agrer(]amtlecli'ltb e;[jween
to coordinate along the resonator microstrip line section afigpenmental and simulated data. Attention should be drawn

with respect to time over the period of microwave oscillation® the fitting param_etePo_ which was found to be n the
same order of magnitude in both resonator and traveling wave

1 g i 2 .
Pdiss = / / Igla.x . COSQ(ﬂ) eXperlmentS
2n J_ ) A
-cos® (wt) - Ry (x, t)dd(wt). (21) IV. GENERATION OF THIRD HARMONIC OF SIGNAL

) ) ) DUE TO NONLINEARITY OF MICROSTRIP RESONATOR
The integration results in
22) A. Amplitude of the Third Harmonic Current

1
P, iss — & ° IQ T ile . . .
d 2 W Fen in the Microstrip Resonator

where The inertialessness of the superconducting film nonlinearity
Re—Ri 1 (1 9 I%.. 23 provides for HTS film up to 100 GHz the simultaneous
oft = £l 0- {1+ 16 Z ) (23) response of the film to the microwave current. The product

tOf the first harmonic current and the nonlinear term in the
Pesistance per unit length sets up the third harmonic electric
field along the microstrip line section of the resonator

In line with the result obtained, the effective unloaded quali
factor should be introduced

9 12.\"'
. _ . 7 Imax 1 _[2 2
Qu.ett = Qu <1 + 15 Ve ) : (24) Es(w,1) = 7 LRy 2555 . cos® <%x> -cos(3wt). (27)
0

Now we use the expression for the maximum current in t
resonator (19), in whichQ)y; should be replaced by og.
After replacing Qu by Qu.ex in (19) and substituting (19)

. . 6
into (24) one obtains I3(x,t) = Lpax 3 - cos <%x> - cos(3wt) (28)
Qu -1 9 . Ii2ncid . @

Qe \™ _ _ _ .
Oven tu R 7 Qp <1 + oven) (25)  where I,., 5 is the maximum of the third harmonic current
© 0 ° N e amplitude in the resonator. Now we can calculate the third har-
The formula obtained is the equation with respectdo.s.  monic power generated in the resonator due to the nonlinearity
which can be found as a function 6f,.iq for fixed values of of the superconducting film:

Qu andQg. In line with (11), the transmission coefficient of

hﬁ1e third harmonic current along the resonator section can be
written in the form:

. 1 T {

the resonator is P = 5 / / “Es(x,t) - Is(z, t)dzd(wt). (29)
-2 a —7J =1
2 Qr
182117 = <1 + Qu eﬂ> (26) Substituting (27) and (28) into (29) and doing integration, one
. . - obtains

whereQy g is determined as a solution to (25). Therefore, the ! )
transmission coefficient can be found as a functiord;gfiq Py = N Tax  Imax 3 - ImQaX Ryl (30)
or -Pincid- 32 7 IO
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Fig. 6. Diagram of microstrip resonator and current amplitude distribution
along the resonator with respect to the third harmonic of the signal.

OUTPUT

According to the equivalent circuit (Fig. 6), the load '(’:,;")’ER

impedance Z,,q referred to the maximum of the third
harmonic current is

272 .

1 v — Xco + Ref 3 (31) -100 S S—

Zo — 'Lch -30 -25 -20 -15 -10 -5
) . o INCIDENT POWER (dB)

where R.q 3 is responsible for an intrinsic linear loss of ®)

the resonator at the third harmonic frequency,o is an _ _ _ _

additional parasitic reactance in the circuit. Let us assume tijg /- Output power of firsti) and third (%) harmonics as functions of

h tor is in th tat f ith tt incident powerP,,.;q. The power is normalized to the characteristic power

the resonator Is in the state of resonance with respect to 11€(a) ., =10000;Q. : 1: 500, 2: 1000, 3: 2000; (K, =1000; Q. : 1: 500,

third harmonic as well as to the first one. Hence, the imaginay1000, 3: 2000. In the figure, dashed line corresponds to the slope of power

part of the load impedance should be canceled. Then, takihg'ashed-dotted line corresponds to the slope of power 3.

into account thatX. > Z; and thatReg s = 9Regs.1, and o o

using expressions (12), (13), and (24), one obtdtg, 3 as of the incident wave and consequently through the incident

Zoad,3 =

a real part of (31) power: (Iincia/Io)? = Pucia/Po- Thus, we have
2
Zs (1 1 ( Qe )
Rioad,3 = 18- T <— + ) (32) Fout,z = 1 . Pi?;lcidQJQE . Qu (36)
4 \Qr Ques out:3 = 1om)2 P2 (1+ o >8'
Thus Qu,ett
P = l_rglax 3Rioad 3 = o A <L + 1 ) C. Some Numerical Results for the First and the Third
2 ’ ’ 4 ’ Qe Ques (33) Harmonics as Functions of the Incident Power
Equating (30) and (33) results in Thus, we have relations (26) and (36) for the output power
of the first and the third harmonics as functions of the incident
I _ 1 ' 3. ' 171 n 1 -t (34) power. The result obtained is correct for the cd3g: 3 <
w3 T4 1T Qu\Qr | Ques) P.ut,1 because the back transformation of the third harmonic

into the first one is not taken into account. Fig. 7 illustrates
B. Third Harmonic Power in the Resonator relations (26) and (36). It should be noticed that for a weak

Now we can calculate the third harmonic powRr, 5 = coupling of the resonator with external circuits [Fig. 7(a)] and

0.5 . 172”73(1)Z0 emitted in one port of the resonator, wheré low level of the incident power, the slope of the curves for

I,.3(1) can be found using (34) and (17). Thus, taking intwe first and the third harmonics correspond to the power 1 and
argéount (13) one obtains ’ 3 with respect to the incident microwave power. However, the

stronger the coupling [Fig. 7(b)] and the higher the level of
1 1\? .. 1 1 1 \? 977, the incident microwave power, the smaller the slopes of the
PO“t:3:§'<m> ' I @ <%+@> ' 4Qp output power curves of the first and the third harmonics. The
(35) change of the slope of the third harmonic output power curves
was observed experimentally [14], [15] and can be explained
According to (19), the current amplitude at the center of they the change of the quality factors of the resonator under the
resonatotl,,,,. can be expressed through the current amplitudiefluence of the incident power.
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V. CONCLUSION [13] G. L. Hey-Shipton, “Power rating of multi-resonator HTS filters,” in

. . . - IEEE MTT-S Workshop Notes: High Power Superconducting Microwave
The simplest model of the superconducting microstrip lineé  technologySan Diego, CA, May 1994

nonlinearity has been used for a description of nonline&] D. E-Zgaégs andhA- ﬁ Andersqni_“Surface impedance measurements of
; ; : icci ; ; : YBa2Cu307-x thin films in stripline resonatordEEE Trans. Magn.,

phenomena in a mlcro§tr|p transmission line and a microstrip vol. 27, no. 2, pp. 867-871, Feb. 1991.

resonator. The theoretical results are adequate to the expes} A. M. Ferendecét al., “Two-tone intermodulation distortion in high-Tc

iments not 0n|y qua|itati\/e|y, but quantitative|y with good superconducting thin films Proc. SPIE vol. 2156, pp. 116-122, 1994.

accuracy. Only one fitting parameter of the model is used.

It is the characteristic power of the microstrip lidg. For a

few experimentally studied lines the characteristic power of Orest G. Vendik (M'94) was born in Leningrad,

the microstrip lineF, is approximately a few milliwatts. For USSR, in 1932. He received the Diploma of Radio

the transmission line wittZ, = 50 €, it corresponds to the Engineering, Candidate of Sc. Degree (Ph.D.), and
h teristic current about 0.01 A, that is smaller than tl Doctor of Sc. degree in 1954, 1957, and 1966,

c _?‘rac e ° e ' ¢ respectively, from Leningrad Electrical Engineering

critical current of the strip with respect to the direct curren

Institute (now St. Petersburg Electrotechnical Uni-
Remaining on the phenomenological level of the method versity), St. Petersburg, Russia. ,

. ] In 1964 he joined St. Petersburg Electrotechni-
attack, we have to say that the numerical data for the nonli cal University as a Professor in the Department
earity of the microstrip lines should be collected and used of Applied Physics. From 1969-1989 he held the
set up the correlation between the characteristic power of the ) position of Head of the Department of Electron-—lon

. _— . . ._Technology. He is currently Professor of the same department, as well as Head
m|c_ro§tr|p line and the characteristics (_)f the film progess'ngfthe Cryoelectronics Group. His research interests have been in foundation of
stoichiometry, structure, and the peculiarities of the film paselid state electronics (ferrites, ferroelectrics, superconductors) and microwave
tern process. The correlation found will make it possible fenysics. H_is concentration is on properties anq applicatio_ns of HTSC‘s and
d | dati for i t of the high ferroelectrics at microwaves. He takes part in elaboration of microwave

eve Qp recommendations OI" 'mpr‘?VGme_” orthe hig pow&fmponents based on S—-N (superconducting—normal) transition and voltage
handling of the superconducting microstrip components.  controlled ferroelectrics: signal limiters, switches, and phase shifters.
Dr. Vendik is a member of the St. Petersburg Association of Scientists.
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